
Introduction

Stein et al. [1, 2, 3, 4] and Samules [5, 6] have studied
light scattering mainly from polymer spherulites both
theoretically and experimentally in terms of Rayleigh–
Gans theory. Another development has been carried
out by Meeten and Navard in terms of the application
of Mie theory to isotropic spheres [7]. They applied
their concept to experiments concerning isotropic
spheres and good results were obtained [8]. Apart
from their complicated concept of Mie scattering [7,
8], this paper deals with disordered spherulites in a
deformed state in terms of Rayleigh–Gans theory.
Stein et al. considered perfect spherulites, the orien-
tation of scattering elements with respect to the radius
being the same everywhere within the spherulite [1, 2,
3, 4], and the complicated modification of the effect of
internal spherulites [9]. Much has been learned about

the deformation mechanism by uniaxial stretching. As
Stein and Chu pointed out [10], the perfect-spherulite
model leads to good quantitative predictions of the
features of low-angle light scattering patterns. But the
theoretical patterns differ quantitatively from experi-
ments in two important aspects [4, 11]: (i) the theo-
retical patterns show a more rapid intensity decrease
with angle at large scattering angles than do the
experimental measurements; and (ii) the theory pre-
dicts a greater azimuthal angle dependence of scat-
tered intensity than is experimentally found.

Figure 1 shows Hv light scattering patterns from
positive spherulites observed for isotactic polypropyl-
ene films, which were molten-cast, annealed at 160 �C,
and stretched uniaxially up to a draw ratio of k=5 at
135 �C [12], which were reported by Kawai more than
30 years ago. The scattering patterns are the well-
known ‘‘four-leaf clover pattern’’ in the undeformed
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Abstract Mathematical evaluation
was done for small-angle light
scattering from disordered spheru-
lites under Hv polarization condi-
tions. The calculation was carried
out for a two-dimensional
deformed spherulite whose major
optical axes are oriented at 0 or
45� with respect to the radial dire-
ction. The calculated results were
compared with the scattering pat-
terns observed for polypropylene
(PP) spherulites, whose optical axes
are oriented parallel to the radial
direction, and poly(butylene tere-
phthalate) (PBT) spherulites, whose
optical axes are oriented at 45�
with respect to the radial direction.

The degree of disorder for PBT
was much larger than that for PP.
By selecting a parameter associated
with the degree of disorder of the
optical axes with respect to the
radial direction, the patterns calcu-
lated as a function of draw ratios
were in good agreement with the
observed patterns, which changed
from four leaves to streaks exten-
ded in the horizontal direction.
Through a series of observed and
calculated patterns, it turns out
that an increase in the disorder
under the deformation process
occurs drastically even for
perfect spherulites in an
undeformed state.
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state and its modifications at drawn states up to
k=1.7. In the undeformed state (k=1), the azimuthal
angle dependence of the scattered intensity is less
distinct than is experimentally found for polyethylene
(G201) [13] and the theoretical pattern calculated from
the perfect spherulite model [4]. The pattern changed
from the four leaves to two streaks extended in the
horizontal direction. This suggests a characteristic
deformation of disordered spherulites predicting a
disintegration of the normal spherulite. The theoretical
scattering pattern from a perfect spherulite in the de-
formed state shows four scattering lobes extended in
the horizontal direction. The patterns shown in Fig. 1

have sometimes been observed for crystalline polymer
films with low crystallinity.

To solve these discrepancies, Stein and Chu carried
out a theoretical treatment for light scattering from a
two-dimensional undeformed spherulite having optical
axes disordered with respect to the spherulite radius.
They considered four special cases: (i) the disorder
occurs in the radial direction only; (ii) the disorder
occurs in the angular distribution only; (iii) there is
combined radial and azimuthal disorder; and (iv) the
optical axis makes a constant angle with the radius
but there is disorder in the twist angle about the axis.
In actual numerical calculations for cases (i) and (ii),

Fig. 1 Change of Hv light
scattering patterns from isotac-
tic polypropylene films
stretched up to k=5. (These
figures were reported in [12])
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a correlation function for the disorder is defined as the
ratio of the associated correlation distance to the ra-
dius of the spherulite. Since then a number of studies
have been reported. Stein and Hashimoto have studied
the effects of disorder of optical anisotropy with re-
spect to the radius, in addition to the orientation
disorder of optical axes on the scattering from an
undeformed spherulite [11]. They also studied the ef-
fect of angular disorder of optical axes on the scat-
tering from a deformed spherulite [14]. Furthermore,
Yoon and Stein proposed a lattice theory of orienta-
tion disorder in a two-dimensional spherulite, in which
the direction of orientation of the optical axis in lat-
tice cells is allowed to deviate statistically from its
mean value in a manner correlated with the orienta-
tion in neighboring cells [15]. Their results for two-
dimensional spherulites show improved correspon-
dence with observed scattering patterns. On the other
hand, detailed analysis was done by considering the
orientation disorder of lamellae with finite dimensions
along the radial direction [16]. At that time, however,
it was impossible to apply this complicated method to
a deformed spherulite.

Anyway, there is no paper for the mathematical
evaluation of the radial disorder of the optical axes
within a deformed spherulite, in spite of a number of
detailed analyses for undeformed spherulites discussed
above. This is due to very complicated numerical cal-
culations. Namely, the theoretical analysis of scattering
patterns from disordered spherulites has never been re-
ported as a function of draw ratios. Recent develop-
ments in the calculating speed and capacity of computers
have provided the possibility to pursue numerical cal-
culations from such a complicated system. The calcula-
tions have been concentrated on the deformation
mechanism of perfect spherulites [17] and rods [18] in
relation to the orientation distribution function of
crystallites estimated by the X-ray diffraction technique.
In these model systems, the orientation distribution of
crystallites is dependent upon the radial distribution
with respect to the stretching direction but is indepen-
dent in the radial direction.

This paper reports the first trial to pursue the
theoretical calculation of the disorder of orientation of
the optical axes with respect to the radial direction.
The calculation is carried out for a two-dimensional
deformed spherulite. The results are compared with
the scattering patterns observed for polypropylene
(PP) and poly(butylene terephthalate)(PBT) [19, 20,
21, 22]. The former is known as a usual spherulite
whose optical axes are oriented parallel to the radial
direction, while the latter is an unusual spherulite
whose optical axes are oriented at 45� with respect to
the radial direction. The calculated patterns are ana-
lyzed in comparison with the scattering patterns ob-
served for PP and PBT films.

Experimental methods and results

PBT pellets were obtained from Mitsubishi Chemical Co. Ltd.
The pellets of PBT were pressed at 150 �C under 0.5 MPa and
the molded specimen was immersed in ice water. The thickness
of all the specimens was set to be less than 100 lm. This was
done to obtain two-dimensional spherulites for analyzing Hv
scattering from ‘‘unusual spherulites’’, which is very important to
analyze the different deformation mechanisms between PP and
PBT spherulites theoretically. The film was cut into strips of
length 50 mm and width 20 mm. The strips were placed in a
hot loven at 200 �C for 5 min and then elongated up to three
times. After elongation, the specimens were maintained at
elevated temperature for 20 min then cooled down to room
temperature.

Small-angle light scattering (SALS) patterns under cross
(Hv)-polarization conditions were obtained with a 15-mW
He–Ne gas laser as a light source. Diffuse scattering was
avoided by sandwiching the specimen between cover glasses
with silicone oil as immersion fluid. The predominant orienta-
tion of benzene rings parallel to the film surface was confirmed
by the X-ray diffraction pattern (end view) showing diffraction
arcs.

Figure 2 shows the scattering patterns from PBT films pre-
pared by compression molding and elongation at 200 �C. The
observed variations in the scattering pattern indicate the different
arrangement of the optical axes with respect to the radial
direction. The pattern (a) in the undeformed state is a four-leaf
clover type with scattering maximum at l=0, 90, 180, and 270�,
which is the scattering from so-called unusual spherulites. Such a
pattern is characteristic of a spherulite whose optical axis lies at
an angle close to ±45� and has usually been found in the
scattering from the spherulitic texture of PBT [16, 19, 20]. The
pattern (a) in Fig. 1 indicates that the orientation of the major
optical axes is fixed at 0� with respect to the radial direction.
Namely, the two different patterns reflect difference in the prin-
cipal polarizability of the crystal with respect to the spherulitic
radius. It must, however, be restricted to the two-dimensional
spherulite whose optical axes are oriented in the plane because,
irrespective of the orientation of the optical axes with respect to
the spherulitic radius, the scattered intensity exhibited a four-leaf
clover type, like pattern (a), when the optical axes twist ran-
domly or when the spherulite is of the three-dimensional type.
The pattern from an undeformed PBT spherulite showing a clear
l dependence of the scattered intensity (see pattern (a) in Fig. 2)
exhibits the type of scattering expected from perfect spherulites
[1, 23], while pattern (a) in Fig. 1 indicates the scattering from
disordered spherulites. As shown in Figs. 1 and 2, the scattering
from spherulites at draw ratios lower than k=2 maintained the
modification of the four-leaf clover pattern. But with further
elongation, the pattern changed from the four leaves to two
streaks extended in the horizontal direction.

Based on the observed patterns from PP and PBT spheru-
lites, the theoretical calculation was carried out for Hv
scattering from a two-dimensional spherulite as a function of
draw ratio k.

Theory

Figures 3a and b show radial disorder of the optical axes
within undeformed and deformed spherulites. In the two
models, the orientation of the optical axes is dependent
upon the position along the radius.

According to Rayleigh–Gans theory [24], the ampli-
tude of the light scattering may be given by

546



E ¼ C
Z

q0 M �Oð Þ exp ik r � sð Þf g dr ð1Þ

where k is the wave number 2p/k¢, with k¢ the wavelength
of light in the scattering medium. C is a constant and s is
the scattering vector defined by (s0)s¢), where s0 and s¢
are the vectors of incident and scattering beams, which is

given by [1, 2, 3, 4, 5, 6]

s ¼ � sin h sin l j� sin h cos l k ð2Þ

where h and l are scattering and azimuthal angles,
respectively. q0 is the density of the scattering elements.
M is the induced dipole moment of the scattering ele-
ment located at a distance r from the center of the
spherulite, and is given for vertical polarization of the
polarizer by [1, 2, 3, 4, 5, 6]

M ¼ E0 dðk � dÞdþ btk½ � ð3Þ

E0 is the amplitude of the incident beam. The scattering
element is assumed to have uniaxial anisotropy with
polarizabilities a|| and a’ along and perpendicular to
the optical axis, respectively. d is the unit vector along
the optical axis in the undeformed state. If the polar-
izability in the surrounding medium of the spherulite is
as, then d=a||)a’ and bt=a||)as. (M•O) is an effective
dipole moment of the scattering element located at r
from the center of the spherulite under a given orien-
tation of polarizer and analyzer. The unit vector O
along the polarization direction of the analyzer for the
horizontal polarization is given as j at very small
scattering angle h.

The scattered intensity is given by [1, 2, 3, 4, 5, 6]

I ¼ C
Z

q0 M �Oð Þ1 M �Oð Þ2
exp �ik r1 � sð Þf g exp �ik r2 � sð Þf gdr1dr2 ð4Þ

If the orientation of the optical axis of the scattering
element fluctuates around their average value x0, x is a
function of r like x(r)=x0+D(r), where D(r) is the
local fluctuation of x. In this viewpoint, the angle x1 at
r1 and x2 at r2 may be given by x1=x0+D1 and
x2=x0+D2, respectively. When the difference between
orientation fluctuation D1 at r1 and D2 at r2 is given by
D12, the quantity D12 is defined by D12=D2)D1=x2)x1;
the angles x1 and x2 characterizing the relative

Fig. 2 Hv light scattering patterns from poly(butylene terephthal-
ate) stretched up to k=4

Fig. 3a,b Definition of the
optical axes along the radial
direction: a undeformed spher-
ulite, b deformed spherulite
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orientation of the optical axes of two scattering ele-
ments are separated by a distance r12=r1)r2. In the
present system, x0 is 0� for PP and 45� for PBT. The
quantity D12 is related to the correlation function f(r12),
which is given by [10]

f ðr12Þ ¼ cos 2D12h ir12 ð5Þ

The correlation function which, in general, decreases
asymptotically from unity to zero with increasing dis-
tance |r12| from zero, is assumed to be given by the
empirical function [10]

f ðr12Þ ¼ exp
� r12j j

a

� �
ð6Þ

where a is the correlation distance. The empirical func-
tion was first introduced to analyze the orientation
fluctuation of optical axes within a spherulite by Stein
and Chu [10]. Equation 6 reduces to zero as a ap-
proaches zero and to unity as a is large.

Based on the general description of the theory of
Stein and Stidham [25], the following relation can be
obtained:

cos2 nD12

� �
r12
¼ 1

2
1þ exp

�n2 r12j j
a

� �� �
ð7Þ

As discussed by Stein and Chu [10], the term cos2D1

varies randomly with r1, so if one averages over all
spherulites of the system, it will suffice to replace it
with its average value <cos2nD1>av. Accordingly, we
have

cos2 nD1

� �
av
¼ 1

2
� 1

n2R=a
� �2 1� n2R

a
� exp

�n2R
a

� �� �

ð8Þ

Thus we have

cos2 2nD1

� �
av
¼ � 2

n2R=a
� �2 1� n2R

a
� exp

�n2R
a

� �� �

ð9Þ

Obviously, Eq. 9 reduces to zero as a approaches zero
indicating random behavior of the local fluctuation of x,
and to unity as a is large indicating no local fluctuation.

When the film is stretched along the X3 axis, the
spherulite may be deformed and the optical axes of the
scattering elements within the spherulite may be oriented
toward the stretching direction, so that Eq. 4 can be
written as follows:

I ¼ C
Z

q0 M0 �Oð Þ1 M0 �Oð Þ2exp �ik r01 � sð Þf g

� exp �ik r02 � sð Þf gdr01dr02 ð10Þ

where the primed notations correspond to the deformed
state of the spherulite. The scattered intensity is then
calculated for a certain model. The model in this paper
is based on the assumption that (i) the spherulite is
deformed toward the stretching direction according to
the affine deformation process, and that (ii) the optical
axes of the scattering elements within the spherulite are
also oriented toward the stretching direction according
to the affine deformation. As shown in Fig. 3, the po-
sition r at a given angle a is deformed into r¢ and ori-
ented at angle a¢. Accompanied by the deformation
process, the optical axes of the scattering elements
change their orientation from (a+x) to (a¢+x¢) with
respect to the stretching direction. Such deformation
may be realized when the lamellae are composed of the
scattering elements interconnected by a weak physical
force.

The affine deformation of the spherulite leads to

r0 ¼ r0 sin a0j þ cos a0kf g
¼ r k2 sin aj þ k3 cos akf g

ð11Þ

where k3 and k2 are elongation ratios imposed on the
spherulite parallel and perpendicular to the stretching
direction. The density of scattering elements within a
spherulite is given by

q0dr ¼ q0dr0 ð12Þ

The optical axis in the deformed state is given by

d 0 ¼ sin a0 þ x0ð Þjþ cos a0 þ x0ð Þk
¼ k2 sin aþxð Þjþk3 cos aþxð Þk

k22 sin
2 aþxð Þþk23 cos

2 aþxð Þ½ �1=2
ð13Þ

Under Hv polarization conditions, (M•O)1(M•O)2 is
given by

M �Oð Þ1 M �Oð Þ2

¼ k2 sin a1 þ x1ð Þk3 cos a1 þ x1ð Þ
k22 sin

2 a1 þ x1ð Þ þ k23 cos
2 a1 þ x1ð Þ

� k2 sin a2 þ x2ð Þk3 cos a2 þ x2ð Þ
k22 sin

2 a2 þ x2ð Þ þ k23 cos
2 a2 þ x2ð Þ

ð14Þ

In an undeformed state, we have k3=k2=1.
Accordingly, Eq. 14 reduces to

M �Oð Þ1 M �Oð Þ2¼ sin a1 þ x1ð Þ cos a1 þ x1ð Þ
� sin a2 þ x2ð Þ cos a2 þ x2ð Þ ð15Þ

Because of no correlation between a1 and a2 in Eq. 15,
the scattered intensity can be written by simply using the
Bessel function [10]. However, in a deformed state, the
equation of the scattered intensity contains exponential
functions in a denominator and the equation becomes
very complicated. As discussed before, recent develop-
ments in the calculating speed and capacity of computers

548



provides one with the possibility to pursue numerical
calculations for such a complicated system.

Let us consider such a complicated mathematical
treatment. Equation 10 can be written as follows:

I a1; a2ð Þ

¼
ZR

r1¼0

ZR

r2¼0

M �Oð Þ1exp ik r1 � sð Þf gr1 M �Oð Þ2

� exp �ik r2 � sð Þf gr2dr2dr1

¼
ZR

r1¼0

ZR�r1

r12¼�r1

M �Oð Þ1 M �Oð Þ2exp ik B� Að Þr1f g

� exp ikBr12f gr1 r1 þ r12ð Þdr12dr1 ð16Þ

where the coefficients in Eq. 16 as well as the further
calculation procedure are described in the Appendix in
detail.

Finally, the scattered intensity can be obtained by
carrying out the integration of a1 and a2 independently
as follows:

I ¼
Z 2p

0

Z 2p

0

I a1; a2ð Þda1da2 ð17Þ

The numerical calculation is carried out by setting
parameters, R/k¢ and R/a. The series of expansions for
Eq. 25 in the Appendix was done up to m=29, which is
the capacity limit of our computer used in this calculation.

Results and discussion

Figures 4 and 5 show the patterns calculated at x0=0
and 45�, respectively, by the change in R/a. R/k¢ is fixed
to be 10. Incidentally, the orientation fluctuation of
optical axes with respect to the radial direction becomes
zero indicating no local orientation at R/a=0 (a fi ¥),
while the optical axes tend to random behavior of local
fluctuation at very large values of R/a (a fi 0). At lower
scattering angles, the disorder leads to a disturbance of
the four-leaf clover type pattern associated with the
scattering from a perfect spherulite. The pattern be-
comes circular with increasing R/a. Even so, the scat-
tering at h=0� shows no maximum, reflecting the
characteristic scattering from a spherulite. Comparing
pattern (a) in Fig. 1 with that in Fig. 4 and also com-
paring pattern (a) in Fig. 2 with that in Fig. 5, the pat-
tern (b) calculated at R/a=0.1 (see Fig. 4) is close to the
observed pattern (a) in Fig. 1 and the pattern (a) cal-
culated at R/a=0 (see Fig. 5) is close to the observed
pattern (a) in Fig. 2. This exhibits the scattering from PP
spherulites, showing distinct lobes which is the type of
scattering expected from disordered spherulites, while
that from PBT spherulites is the type from perfect
spherulites.

Returning to Figs. 1 and 2, it is seen that the scat-
tering lobes are extended in the horizontal direction with
increasing draw ratio (k). The patterns show a diffuse
scattering in the azimuthal direction and the lowest
intensity at a scattering angle of zero (h=0�). This

Fig. 4 Hv scattering patterns calculated at x0=0� as a function of
R/a

Fig. 5 Hv scattering patterns calculated at x0=45� as a function of
R/a
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tendency is observed for PBT indicating the existence of
perfect spherulites in the undeformed state. Incidentally,
we must emphasize that the cross-polarization condition
in our instrument cannot remove the strong incident
beam as shown in Figs. 1 and 2; then the strong spots at
h=0� are a sort of artifact.

The patterns from PP and PBT spherulites at k‡3
show similar profiles taking two streaks extended in the
horizontal direction. These patterns predict a drastic in-
crease in the disordering degree of orientation of the
optical axes with respect to the radial direction, indicat-
ing a disintegration of spherulites by further elongation.

However, there is no report on the analysis of the
above demonstration in terms of theoretical aspects. In
this paper, the calculated patterns from deformed
spherulites are presented as a function of R/a. Figures 6,
7, and 8 show the patterns calculated at x0=0� and
Figs. 9, 10, and 11, at x0=45�; Figs. 6 and 9 are cal-
culated at k=1.5, Figs. 7 and 10 at k=2, and Figs. 8
and 11 at k=3. With increasing R/a, the scattering lobes
become indistinct indicating that the orientation of
optical axes becomes more pronounced. The patterns
show two streaks extended in the horizontal direction,
independent of the value of x0, when R/a is selected
beyond unity. The change in pattern from four leaves to
two streaks extended in the horizontal direction is due to
an increase in the orientational disorder of the optical
axes with respect to the radial direction. At the same
value of R/a, the scattering lobes with increasing draw
ratio are extended in the horizontal direction, main-
taining an indistinct profile characterizing orientation
fluctuation of the optical axes with respect to the radial
direction.

By selecting a suitable value of R/a at each draw ra-
tio, the calculated patterns are in good agreement with
the observed ones. If there is no disorder for the orien-
tation of the optical axes, the pattern shows clear scat-
tering lobes extended in the horizontal direction, as
reported by Clough et al. [4].

Judging from the comparison between the observed
and the calculated patterns, the change in pattern with
draw ratio indicates that the drastic increase in the
orientational disorder of the optical axes appears even
for perfect spherulites of PBT in an undeformed state.
This is probably due to disintegration of perfect
spherulites by complicated orientation of crystallites
within a lamella, as well as the disruption of
unstable crystal lamellae leading to strain in the tie
molecules.

Finally, we expect that further theoretical analysis of
polarized light scattering from more complicated sys-
tems may be possible and may provide a progressive
advance in polymer solid and liquid crystal physics.
Small-angle light scattering under polarization condi-
tions provides information concerning the deformation
mechanism of superstructures such as spherulites and

rod-like textures, as well as the orientation of optical
axes within the superstructures. To understand the
detailed characteristics of crystalline polymers, the Hv
light scattering technique is thought to be more useful
by combining it with the experimental results obtained

Fig. 6 Hv light scattering patterns calculated at x0=0� and k=1.5

Fig. 7 Hv light scattering patterns calculated at x0=0� and k=2
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by X-ray diffraction and birefringence. This method
was adopted for polyethylene with high crystallinity,
since the optical axes are thought to be equivalent to
the crystal c-axes [17]. This analysis will be applied to
other polymers with lower crystallinity than polyeth-

ylene, such as PBT, poly(ethylene terephthalate), and
nylon 66. Actually, some important papers using PBT
as an example have been published covering manufac-
turing aspects of processing [26, 27, 28] and polymer
blends [29].

Fig. 8 Hv light scattering patterns calculated at x0=0� and k=3

Fig. 9 Hv light scattering patterns calculated at x0=45� and
k=1.5

Fig. 10 Hv light scattering patterns calculated at x0=45� and k=2

Fig. 11 Hv light scattering patterns calculated at x0=45� and k=3
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Conclusion

Mathematical evaluation of small-angle light scattering
under Hv polarization conditions was done for a de-
formed spherulite with disorder of the orientation of the
optical axes with respect to the radial direction. The cal-
culation was carried out for a two-dimensional deformed
spherulite whose major optical axes are oriented at 0 and
45� with respect to the radial direction. The calculated
results were compared with the scattering patterns ob-
served for polypropylene (PP) and poly(butylene tere-
phthalate) (PBT) spherulites. The former is known to
have usual spherulites whose optical axes are oriented
parallel to the radial direction,while the latter has unusual
spherulites whose optical axes are oriented at 45� with
respect to the radial direction. By selecting a parameter
associated with the degree of disorder of the optical axes
with respect to the radial direction, the patterns calculated
as a function of draw ratio were in good agreement with
the observed patterns, which changed from four leaves to
streaks extended in the horizontal direction. Through a
series of observed and calculated patterns, it turned out
that an increase in disorder occurs under the deformation
process, indicating complicated orientation of the optical
axes due to strain of tie molecules within the spherulite.
This is probably due to the disruption of unstable crystal
lamellae within the PP and PBT spherulites.

Appendix

The coefficients A and B in Eq. 16 are given by

A ¼ k3 cos a1 sin h cos lþ k2 sin a1 sin h sin l ð18Þ

B ¼ k3 cos a2 sin h cos lþ k2 sin a2 sin h sin l ð19Þ

Substituting x1=x0+D1, x2=x0+D2, and D12=
D2)D1=x2)x, Eq. 14 reduces to

where

A0 ¼ k23 � k22 ð21-1Þ

D¼ cos 2 a1þx0ð Þf gcos2D1þcos 2 a2þx0þD1ð Þf gf r12ð Þ
ð21-2Þ

F ¼ cos 2 a1 þ x0ð Þ cos 2D1 cos 2 a2 þ x0 þ D1ð Þf r12ð Þ
ð21-3Þ

By using Eq. 6, Eq. 20 can be rewritten as follows:

M�Oð Þ1 M�Oð Þ2¼
C00 exp � r12j j

a

� �

8 A00 þB00 exp � r12j j
a

� �n o

¼C00

8

(
exp � r12j j

a

� �

A00
�

B00 exp �2 r12j j
a

� �

A002

þ
B002 exp �3 r12j j

a

� �

A003
�

B003 exp �4 r12j j
a

� �

A004

þ
B004 exp �5 r12j j

a

� �

A005
� : : :

¼C00

8

X1
m¼1
�1ð Þm�1

B00ð Þm�1exp �m r12j j
a

� �

ðA00Þm

ð22Þ

where

A00 ¼ Gþ H cosð2a1Þ cosð2x0Þ � H sinð2a1Þ sinð2x0Þ
ð23-1Þ

B00 ¼ J
2
cos 2a1ð Þ cos 2a2ð Þ cos2 2x0ð Þ

þ J
2
cos 2a1ð Þ cos 2a2ð Þ cos2 2x0ð Þ cos 4D1ð Þ

þ J
2
sin 2a1ð Þ sin 2a2ð Þ cos2 2x0ð Þ

� J
2
sin 2a1ð Þ sin 2a2ð Þ cos2 2x0ð Þ cos 4D1ð Þ

þ H cos 2a1ð Þ cos 2a2ð Þ cos 2x0ð Þ

� J sin 2a1ð Þ cos 2a2ð Þ sin 2x0ð Þ cos 4D1ð Þ
� J cos 2a1ð Þ cos 4D1ð Þ sin 2x0ð Þ sin 2a2ð Þ cos 2x0ð Þ

þ J
2
cos 2a1ð Þ cos 2a2ð Þ sin2 2x0ð Þ

� J
2
cos 2a1ð Þ cos 4D1ð Þ cos 2a2ð Þ sin2 2x0ð Þ

þ J
2
cos 2a1ð Þ sin2 2x0ð Þ sin 2a2ð Þ

þ J
2
sin 2a1ð Þ sin 2a2ð Þ sin2 2x0ð Þ cos 4D1ð Þ

� H cos D1ð Þ sin 2x0ð Þ sin 2a2ð Þ ð23-2Þ

M�Oð Þ1 M�Oð Þ2

¼k22k
2
3 cos2 a1�a2ð Þ�cos2 a1þa2þ2x0ð Þcos2D1f gf r12ð Þ

8 k42þA0k22þA02
4

	 

þ A0

2 k22þA02
4

	 

DþA02

4 F
� �

ð20Þ
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C00 ¼ � cos 2a1ð Þ cos 4D1ð Þ cos 2a2ð Þ cos2 2x0ð Þ
þ cos 4D1ð Þ sin 2a1ð Þ sin 2a2ð Þ cos2 2x0ð Þ
þ 2 cos 4D1ð Þ cos 2a2ð Þ sin 2a1ð Þ sin 2x0ð Þ cos 2x0ð Þ
þ 2 cos 2a1ð Þ cos 4D1ð Þ sin2 2x0ð Þ sin 2a2ð Þ
þ cos 2a1ð Þ cos 2a2ð Þ � cos 4D1ð Þ sin 2a1ð Þ sin2 2x0ð Þ
þ sin 2a1ð Þ sin 2a2ð Þ

ð23-3Þ

where

G ¼ k42 þ k23 � k22
	 


k22 þ
k23 � k22

4
ð24-1Þ

H ¼
k23 � k22
	 


k22
2

þ k23 � k22
4

ð24-2Þ

J ¼
k23 � k22
	 
2

4
ð24-3Þ

Substituting Eqs. 23-1, 23-2, 23-3 and 24-1, 24-2, 24-3
into Eq. 16, we have

I a1;a2ð Þ ¼
ZR

0

ZR�r1

�r1

1

16
k22k

2
3C
00
X1
m¼1
ð�1Þm�1 B00

A0
exp m

� r12j j
a

� �

� ½coskfðA�BÞr1þBr12g
þ coskfðA�BÞr1�Br12g�
� r1ðr1þ r12Þdr12dr1

¼ k22k
3
2 B00ð Þm�1C00 �1ð Þm�1

16 A00ð Þm
X1
m¼1
fH1ðmÞþH2ðmÞ

�H3ðmÞþH4ðmÞ�H5ðmÞþH6ðmÞg
ð25Þ

where

H5 mð Þ ¼
a
m

	 
2 a
m

	 
2
A2 � 1

n o

a
m

	 
2
A2 þ 1

n o2
ð26-5Þ

H6ðmÞ ¼
1

a
m

	 
2
A2þ 1

n o2
a
m

	 
2
B2þ 1

n o2

�


2

a
m

� �2�
�A2 a

m

� �3
e�mR=RaþA2 a

m

� �3
cos ARð Þ

þA3 a
m

� �3
R sin ARð ÞþA2 a

m

� �2
Rcos ARð Þ

� 2A
a
m

� �2
sin ARð Þ� a

m

� �
cos ARð Þ

þA
a
m

� �
R sin ARð Þþ a

m

� �
R�Rm=aþRcos ARð Þ

�

�
�

B2 a
m

� �3
cos BRð ÞþB3R

a
m

� �3
sin BRð Þ

�B2 a
m

� �2
r cosðBRÞþ 2

a
m

� �
B sin BRð Þ

� a
m

� �
cos BRð ÞþBR

a
m

� �
sin BRð Þ�Rcos BRð Þ

��

ð26-6Þ

In numerical calculation, the intensity is normalized
by R4 and H1(m), for example, is rewritten as follows:

H1 mð Þ ¼
2 a

m k2R2 sin k Aþ Bð ÞRf g þ 2 a
m kR Aþ Bð Þ cos Aþ Bð ÞRf g � 2a sin k Aþ Bð ÞRf g

� �
k Aþ Bð Þf g3 a

m

	 
2
kBð Þ2 þ 1

n o ð26-1Þ

H2 mð Þ ¼
4 a

m

	 
3
k2 Aþ Bð ÞBR cos k Aþ Bð ÞRf g � a3 kB sin k Aþ Bð ÞRf g

n o

kBð Þ2 a
m

	 
2
kBð Þ2 þ 1

n o2
ð26-2Þ

H3 mð Þ ¼
4 a

m

	 
3
k2B A� Bð ÞR cos k A� Bð ÞRf g � a

m

	 
3
kB sin k A� Bð ÞRf g

n o

a
m

	 
2
kBð Þ2 þ 1

n o2

k A� Bð Þf g2
ð26-3Þ

H4 mð Þ ¼ 2 a
mð Þ

2 a
mð Þ

2
B2�1

� �
a
mð Þe�mR=a

a
mð Þ2B2þ1

� �2
a
mð Þ2A2þ1

� �2 cosAR A2 a
m

	 
3 � A2R a
m

	 
2 � a
m

	 

� R

n oh

þ a
m

	 

A sinAR a

m

	 
2
RA2 þ 2 a

m

	 

þ R

n oi ð26-4Þ
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Similar treatment can also be applied to H2(m)–H6(m).
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H1 mð Þ ¼
2 a

mR
2pR
k0

� �2
sin 2pR

k0
Aþ Bð Þ

n o
þ 2a

mR
2pR
k0

� �
Aþ Bð Þ cos 2pR

k0
Aþ Bð Þ

n o
� 2a

R sin 2pR
k0

Aþ Bð Þ
n o� �

2pR
k0

Aþ Bð Þ
n o3

a
mR

	 
2 2pR
k0

B
� �2

þ 1

� � ð27Þ
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